A new lower bound finite element method for slab analysis is presented as a practical substitute to full, non-linear, finite element methods that require expert knowledge and long running times. The method provides a general, safe and efficient lower bound solution for the analysis of reinforced concrete slabs up to failure. As it is finite element based, the method is more general than the yield line and strip methods currently in use. Furthermore, its lower bound nature makes it safer than the yield line method. The method uses a rotation-free, plate finite element modified to allow plastic "yield lines" to pass through at any direction. Yield lines are generated at the principal moment directions when the plastic moment capacity is attained. The material is assumed to be elastic perfectly-plastic. Following the general spirit of yield line analysis, the effects of a yield line are projected to the sides of the triangular element and then used to calculate the bending curvatures. The method's efficiency is achieved by using rotation-free plate elements with a single degree of freedom per node and by the incremental solution that does not require iterations. The method's accuracy and convergence are assessed by comparing standard cases with known results. In all cases, results were close to the theoretical values with difference of less than 1%. It is also used to solve a practical sized flat slab problem in order to demonstrate the method's efficiency, convergence, and speed.
Introduction
Yield line analysis is a powerful method to predict the collapse load of reinforced concrete slabs. The term "yield line" was first introduced by Ingerslev in 1921 [1] . Later, Johansen [2] proposed a systematic analysis with a geometric interpretation of the concept. Mainly through the work of Johansen [3] , Nielsen [4] and Jones and Wood [5] was the yield line analysis of reinforced concrete slabs introduced into the wider structural engineering community. Today, yield line analysis has been applied to a wide range of applications from finding the collapse load of reinforced concrete slabs to that of steel connections [6, 7] , steel base plates [8] and walls [9, 10] .
The yield line analysis starts from an assumed collapse mechanism, the yield collapse pattern. By considering all kinematically admissible collapse mechanisms, the smallest ultimate load is taken as the final solution. This can be carried out by the virtual work method or the equilibrium method. The methods are related to each other [5] , and the result is an upper bound solution to the collapse load.
To guarantee the kinematic admissibility of an assumed yield pattern, certain conditions related to the shape, position and arrangement of yield lines must be satisfied. The bending moment along the yield lines is assumed to be constant and equal to the plastic moment capacity of the slab. To simplify the analysis, the slab's elastic deformations are assumed to be negligible compared to the plastic deformations. This leads to a rigid-perfectly plastic behaviour.
During the early days of the yield line method, it was considered to be the most advanced analysis technique for reinforced concrete slabs. It attracted considerable interest from engineers and researcher due to its intuitive simplicity, accuracy and ability to analyse slabs of arbitrary geometry, reinforcement, support conditions and loading [3, 5] . However, two main issues were later identified as potential drawbacks. The first was the fact that it is an upper bound analysis as the analysis starts from assumed collapse mechanisms (the yield collapse pattern). In nearly all cases, this limits the correct collapse load to only one yield pattern, while all other patterns result in higher, hence unsafe, collapse loads. Even after examining what appear to be all kinematically admissible yield patterns, there will remain an element of doubt about the existence of yet another pattern that is the true lower bound. Many such cases were reported. An overestimation of the collapse loads by up to 50% is possible [11] , which undoubtedly affected the reliability perception of the yield line analysis.
The second issue was that for practical shaped slabs and boundary conditions, the correct yield patterns can be quite complicated. This task is far from trivial due to the excessive time required to identify and investigate all possible yield patterns to obtain the safe collapse load. As a result, handbased, yield line analysis was limited to the simple slab cases only. With the widespread adoption of computers in structural analysis and developments in matrix structural analysis, attempts to resolve the above issues focused on automated, computer-based yield line analysis. In pioneering research Munro and Da Fonseca in 1978 [12] used triangular finite elements in a fixed mesh arrangement to find yield patterns. This avoided having to select an initial yield pattern. Equilibrium or compatibility conditions, yield constraints and an optimization function were established and solved using linear programming to find the critical yield pattern, but assumed that yield lines can only develop along element edges. Two single panel examples and one multi-panel example were solved with reasonable accuracy.
Subsequently, continuous attempts were made to resolve the inability to guarantee identification of the critical yield pattern. The finite element mesh had a fixed, initial pattern based on the expected yield pattern. If the correct yield pattern was definable by the mesh arrangement, then the results should be identical to correct results, otherwise only approximate results would be obtained.
Dickens and Jones in 1988 [13] used a manually assisted computer method to progressively adjust an assumed trial yield pattern manually. Single panel examples were solved by the proposed method.
In 1994 Johnson [14] departed from the previous trend of researches by not relying on an initial yield pattern. Instead, a rigid-plastic yield-line analysis of isotropic slabs was conducted. Sequential linear programming was then used to successively correct the yield pattern. However the technique was inappropriate for fine finite element meshes due to difficulties in ensuring the straightness of yield lines and the correctness of the mesh topology. In such cases, the analysis was split into two stages. First, a linear finite element analysis was conducted using triangular elements. Then yield pattern was based on the results. A less refined mesh with element boundaries lying close to the expected yield lines was then constructed. Sequential linear programming was then applied to this mesh. It was assumed that yield lines can only develop along the element boundaries. The method was determined to be most appropriate for rectilinear slabs in order to avoid complex yield patterns.
Soon after Gohnert and Kemp [16] presented a new, four-noded finite element called the yield line element. The proposed method was mixed in the sense that moments and out-of-plane deflections were chosen as the unknowns. The solution matrix was developed from flexibility and equilibrium equations. Flexibility equations, expressing the relationship between the rotations and nodal moments, assumed as a partial quadratic moment field and equated to obtain inter-element compatibility. Gohnert in 2000 [17] presented the results of using this element in a yield line analysis. The moments were assumed to be linear-elastic, until the plastic moment was reached. At this point, the moment capacity of the member was assumed to be constant. Ten test cases with a variety of boundary, loading, and reinforcement conditions were presented. In the majority of cases, the solution was within 10% of the yield line result.
Middleton [18] in 1997 suggested a method through which the user can select patterns from a predefined library of failure mechanisms to assess bridge decks. The method was basically an upper bound solution based on yield line analysis. A computer program, COBRAS [19] , was specially developed to carry out the required geometrical relationships for the failure mechanisms. Currently, COBRAS has 27 built-in failure mechanisms. It was used for assessing the ultimate load carrying capacity of over twenty bridges which were found to be unsatisfactory in carrying the full 40 tonne requirement based on an elastic analysis. Of these bridges, 70% were found to pass the requirements when assessed using COBRAS. Thavalingam et al. in 1998 [20] proposed a semi-automatic, yield line analysis of slabs starting from an approach similar to that by Munro and Da Fonseca [12] . However, the initial trial yield pattern was expressed by node positions treated as variables. The load factor was expressed as a function of node positions. By treating the load factor as the objective function subject to the previously described constrains, a non-linear optimization was applied to minimize the objective function by revising the initial yield pattern. An elaborate optimization procedure using line search method in addition to the conjugate gradient method was adopted. Three examples were solved. One was compared to the theoretical solution where a difference of less than 0.4% was reported. This research provided a method to automatically adjust a yield pattern. However, it was not completely user independent, as optimization started from a general, user-defined yield pattern.
Kwan [21] in 2004, proposed a new method to automatically define the initial yield pattern and then to adjust it to produce the minimum load factor. The method was based on defining the yield lines based on the dip (rotation) and strike (orientation of axis of rotation) angles. As such, the resulting yield pattern was kinamatically admissible. The load factor, as a function of the dip and strike angles, was then obtained using virtual work. A successive parabolic minimisation technique was then used to minimize the load factor, which was considered to be the objective function. Eight examples were solved. Good accuracy was reported with a difference of less than 1% when compared with theoretical or previously reported results by other researchers. The main limits were the applicability to only convex polygonal slabs and that the method was applicable only when the whole slab area took part in the collapse mechanism.
Wüst and Wagner [22] in 2008 presented a new method to systematically find all possible yield patterns of arbitrary polygonal plate. Both convex and concave cases were considered. Each individual pattern was then refined through an optimization procedure to obtain the minimum load factor, which was treated as the objective function. The algorithm used to find all possible yield patterns was based on the application of Catalan numbers and binary trees. Each resulting pattern was then triangulated with elements similar to those used by Munro and Da Fonseca [12] . The optimization part was conducted with either a direct search method or a conjugate gradient method. The first produced more reliable results independent of the initial values with a penalty of more time required than the conjugate gradient method. Three examples of single panel polygonal slabs of different complexities were solved. Results were compared with non-linear finite element results. The reported difference was 0.3% for a simple case increasing to 3%-7% for the more complex examples. This method was the first to automatically generate and consider all possible yield patterns in both concave and convex polygonal panels.
To date the methods have had only limited applicability to slabs of the geometry, load and boundary conditions encountered in usual structural design work. The main drawbacks are: -The combination of finite element and optimization is able to solve small sized examples.
However, the objective function derivatives are not continuous. Yield lines are usually located at points of derivative discontinuity. This results in difficulties in solution optimization [15, 20] . Even more difficulties are expected when attempting to solve large problems with hundreds of optimization variables rather than few tens. -The optimization part is required to resolve the limitation that yield lines can only develop on the sides of the triangular elements.
An alternative to the upper bound yield line analysis is to use the Hillerborg lower bound strip method [23] , which assumes that the total load is distributed between two sets of strips assumed to be orthogonal. The load distribution between the sets is arbitrary and will usually result in a safe design, if design code requirements related to ductility are satisfied [24] .
Only limited efforts have been made to automate the Strip Method. In 1998, O'Dwyer and O'Brien [25] divided a slab into a grid of rectangular elements with a node at the centre of each element. The equilibrium of each node in the vertical direction was calculated numerically using the second difference. The method used a two-stage optimization procedure. It distinguished between analysis and design cases. The first optimization stage aimed to find the maximum collapse load and the minimum reinforcement in the analysis and design cases respectively. These quantities were considered to be the objective function in the linear programming used at this stage. The constraints were used to impose equilibrium and moment limits of the reinforced concrete slab. In the second stage, quadratic optimization was used to minimise the sum of squares of the differences between the first stage moment results and the corresponding elastic values. The method was used to solve a square slab free on one side and simply supported on the other three sides. The collapse load was within 2% of the yield analysis results.
More recently, Burgoyne and Smith [24] presented an automated lower bound method for the automatic assessment of existing reinforced concrete slabs. Optimization was used to find the highest lower bound load that did not violate the slab moment capacity. The equilibrium equation was written in a form where the internal load vector was expressed as the sum of two vectors. The first was related to an equilibrium state of the system, while the second was a set of self-stress vectors multiplied by a column vector of unknown coefficients. The method was used to solve a simply supported square slab and a short single span slab with concentrated loads. Convergence was reported to be slow. In addition, the result was 33% lower than the lowest upper bound. Similar result, 41% less than the benchmark value, was reported when a fixed square slab under uniform load was solved. The strip method, which usually ignores the torsional term in the equilibrium equation, was unable to effectively solve problems where the slab failure yield pattern was not parallel to the strips. The addition of two more sets of strips running at 45 degrees relative to the first improved the results with a predicted collapse load being 3.9% less than the benchmark value.
The most obvious alternative to both the yield line and strip methods is the non-linear finite element method. No initial prediction of yield pattern is required as yielding is automatically updated at each load increment. This analysis also allows the use of more realistic material properties, the ability to trace the slab behaviour at different loading stages and the generation of more information about the slab such as deflections and reactions. Powerful commercial software is available to analyse slabs up to collapse (ANSYS, SOFiSTiK, LS-DYNA and others). However, such a task is still not straightforward. It requires detailed definition of material properties, solution techniques, and convergence criteria limits. When applied to reinforced concrete slabs, the large degree of nonlinearity due to concrete cracking can cause numerical instability that might cause the solution to diverge or even crash. In addition, the time required to solve practical sized problems is substantial, even with the use of desk computers having the latest multi-core processors. This is mainly due to the technique used in solving the non-linear stiffness equation. The solution is usually an incrementaliterative one. Loads are applied in increments followed by iterations to reduce the residue or unbalanced forces generated by the problem's non-linearity. In the case of non-linear analysis of reinforced concrete, concrete cracking can cause sudden release of strain energy. To stabilize the solution, smaller load increments and more iterations are used. The processing time penalty can be significant, particularly in large problems.
As a result, using non-linear finite element software requires deep knowledge of finite elements, nonlinear analysis, and material constitutive relations, as well as sufficient time to refine the model parameters and solution. All these factors make this type of analysis beyond the reach of many design offices and/or project budgets.
Methodology
The aim of this research is to provide a method to analyse practical sized isotropic reinforced concrete slabs up to collapse without the difficulties usual encountered while using current non-linear finite element analysis solutions or the limitations of the yield line and strip methods.
Existing Rotation-free triangular plate element
The element by Munro and Da Fonseca [12] is triangular with an out-of-plane displacement degree of freedom at each node, Fig. 1 . The element is assumed to be a rigid plate, and an angle of rotation of each edge (θ e ) of the element (e) constant along each side. The kinematic equation relating the rotation of each edge of a triangular element to nodal displacement (w) can be expressed as Eq. (1):
Arguably Eq. (1) is only a geometric relation between nodal displacements and the resulting edge rotations for a rigid element and not a representation of element stiffness. However, the main underlying concepts are:
a-The element is considered to be rigid b-As a result of (a) above, all edge rotations can be related to out-of-plane nodal displacements c-As a result of (a) and (b) above, there is no need to have rotational degrees of freedom
Since the time of publishing the work of Munro and Da Fonseca in 1978, many new developments in the finite element method have occured. New element types were developed. Among them was a plate element family called the "rotation-free" (RF) plate element. Their origins can be traced back to Nay and Utku [26] , Hampshire et al [27] and Phaal and Calladine [28] . Most of these and related research were influenced by an element called "Morley Triangle" [29] .
The main advantages of using RF plate elements are:
-Fewer degrees of freedom per node. Instead of the usual three degrees of freedom per node in a plate element (one vertical displacement and two rotationl), only one degree of freedom occurs. -Element formulation is simpler, hence requiring less computation time.
On the other hand, RF elements have some disadvantages: -Element has constant curvature. Results are less accurate than these obtained from more complicated elements with varying curvature. More constant curvature elements are required to achieve the same accuracy of the more complicated elements. -Element stiffness matrix is related to the surrounding elements; hence global stiffness matrix bandwidth will increase. -RF element formulation does not allow easy incorporation with existing finite element codes. -RF elements are usually sensitive to mesh distortion.
-Rotational boundary conditions are not straightforward to define. On the balance, it is still computationally advantageous to use RF plate elements in applications that have known difficulties when usual finite elements with rotational degrees of freedom are used.
The concepts behind deriving the stiffness matrix of triangular RF plate elements are the following:
-The element has constant curvature, hence constant moment. -Curvature can be related to the out-of-plane nodal displacement of the element and three other out-of-plane nodal displacements from the three surrounding patch of elements. -Usually a virtual work principle is used to derive the stiffness matrix.
The main difference between RF plate elements is the use of different approaches to relate the curvature to the element out-of-plane displacement and those of the surrounding elements, Fig. 2 .
Sabourin and Brunet [30] related the rigid body rotation of the main element (e) sides to the out-ofplane nodal displacements, similar to the approach by Munro and Fonseca [12] . The rigid body rotations of the three elements surrounding element (e) on their common sides with element (e) were found similarly. The rigid body rotations were then related to the curvature on the three sides of the main triangle (e), which in turn was used to find the element constant curvature by superposition. Phaal and Calladine [28] used a complete quadratic polynomial in two dimensions to interpolate between the six out-of-plane nodal displacements. Constant curvature was obtained as derivatives of the displacement polynomial. This was achieved at the price of more computations. Onãte and Cervera [31] integrated the curvature over the element area and obtained an expression for the average constant curvatures of the element. The integration was conducted in parts. The resulting curvature was expressed as a summation over the three element sides of the displacement derivatives normal to each side.
Among the different alternatives to curvature calculations, the one that can be implemented in a manner closest to the spirit of the yield line analysis is the Sabourin and Brunet approach [30] . The main aspects of the element are presented below.
Existing RF element "S3"
The "S3" element derived by Sabourin and Brunet [30] has its roots in the Morley Triangle [29] . The out-of-plane deflection (w) within the triangle comes from a linear, rigid-body deflection (w r ) due to the nodal translations w 1 , w 2 , w 3 and from the quadratic "bending" deflection (w b ), Figs. 3 and 4.
The rotation angles (θi) on each side of the triangle (i) are the displacement derivatives in the direction normal to the sides. They consist of a rigid part ( ) and a bending rotation part ( ):
The curvature of each side (i) of the main triangle {κi } can be calculated from the bending angles as follows: By applying superposition, the curvature of the element can be calculated from the curvatures of the three sides of the triangular element.
Using the above relations, the constant curvature of the main triangle can be expressed as:
The main remaining part of the element derivation is the relation between bending and rigid rotation angles. These details will be described later as they are modified to allow for internal element yield lines, essential to the current work.
Resulting from these calculations is a relationship between the bending and rigid rotation angles:
While in general terms, rigid deformations of a single element produces zero strain energy, the combined deformation of the four element assembly can produce strain energy related to the generated curvatures.
The relationship between the rigid rotation angles and the out-of-plane displacements ( ) can be written as:
Further Combining the above equations, the following relationship can be written: Using virtual work principle, the stiffness matrix can be found as:
Examples of the performance of element S3 under different load conditions, including twisting moment, were presented by Sabourin and Brunet [30] . Comparisons were made with both analytical solutions and these obtained using other type of elements. The results indicated that the element performance was reasonably accurate.
Development of current method

Discontinuity passing through element
The main issue identified in previous attempts of automated yield line analysis is the limitation that the yield line must be located on the boundary between two elements. This is difficult to predict without an initial analysis. So far, the methods used to resolve this issue can be categorised as follows:
-Running an initial linear finite element analysis using a fine mesh to identify potential yield pattern. Then using this pattern in a yield line analysis with an optimization algorithm to find the pattern that produces the least load factor [14] . -Based on the geometry of the slab, all the possible yield patterns are automatically found.
Each pattern is investigated using an optimization algorithm to locate the minimum load factor for each pattern. The least value of the collection of minimum load factors resulting from the previous step is the load factor [22] .
Both of these approaches have their limitations. The first approach requires a two-stage solution with manual intervention in between to select the most probable yield pattern. However, there is no guarantee that the chosen yield pattern is the correct one. This is because the solution is based on an initial elastic analysis. The second approach is more reliable in producing a correct yield pattern or one that is close to it. However, the penalty is that considerable time is required to investigate all possible yield patterns.
The alternative to automated yield line analysis is the use non-linear finite element analysis. No initial prediction of yield pattern is required. However the analysis is more involved as discussed earlier in section 1.
The possible solutions to a discontinuity passing through a finite element are as follows:
-Re-meshing the problem to create an element interface at the discontinuity. This is an expensive approach as the problem size will continue to increase with the discontinuity propagation. More elements and nodes are progressively added. The approach was used for a considerable time to analyse discontinuities [33] . -Using a smeared representation of the discontinuity passing through the element. This approach is numerically more efficient than the previous one, as there are no new nodes or elements added. However, there will be some information loss related to the distribution and width of the discontinuity [34] . -Use of relatively new approaches to define the discontinuity such as the extended finite element method [35] . Their applicability to the current issue is open to future research.
Element "S3" as used in the current analysis due to its efficiency as a RF element. ut more importantly, to the way used to calculate curvature. To use element "S3" in the current elastic perfectly-plastic analysis, it has to be modified to allow internal yield lines to pass through the element. This new feature is added by revising the relationship between the bending and the rigid rotation angles (6) and the relationship between the rigid rotation angles and the out-ofplane displacements (7) for elements with internal yield line. Details of the modifications introduced in this research to element "S3" are as follo ing:
Adding yield lines to element "S3"
The main concepts behind the current research are the following:
a-Allowing yield lines to pass through the element. b-Incorporating plastic rotation at the element sides with the rigid rotation angles.
To add feature (a) above, a method related to the hand calculations of yield line analysis is used. The energy dissipated by a yield line due to a virtual rotation can be calculated by projecting the yield line into other directions, usually the global horizontal and vertical axes in the slab plane [3, 5] . As for feature (b) above, the particular nature of element "S3", especially, the way curvature is calculated, makes this possible.
For the current research, the effects of a yield line in reducing stiffness are transformed to each of the three sides of the element using tensor transformation as described below.
The effects of an internal yield line inclined at angle ( ) relative to side (2-3) of the triangle, Fig. 5 , is used here as an example of the procedure that is applicable to the three sides of the element. This side is facing node (1) of element (e). For that, this side is called edge (1) of element (e). The presence of the internal yield line will reduce the tangent stiffness in the direction normal to the yield line to zero. This is equivalent to stating that the tangent bending curvature across the yield line is zero.
The general two-dimensional transformation matrix for a general tensor [*] from coordinate system (x',y') to (x,y) can be expressed as [36] : For isotropic slabs, the presence of a yield line along the local (x') axis denotes a normal principal stress direction. As such, the (x', y') coordinate system of Fig. (5) is coincident with the principal directions. Hence the local (x') axis coincides with the yield line direction that is inclined at angle ( ) relative to edge (1), Fig. 6 .
After deformation of element (e) and the adjacent element along edge (1), Figs. 4 and 6, the following relation can be established [32] :
If the stiffness of the two elements on the sides of the interface is (K 1 ) and (K 5 ), then the interface equilibrium is:
If the two elements have the same stiffness, then (c = 2). Otherwise it will differ. The method adopted in Ref. [32] to determine the relative stiffness of the two elements sharing the same interface was based on considering the main element (e) with zero out-of-plane displacements at the three nodes and zero rotation at the three sides except for the side under consideration. So, to obtain the following boundary conditions are used: w 1 , w 2 , w 3 = 0, , Fig. 6 .
The virtual work of element (e) due the rotation of interface moment ̅ by a virtual rotation of can be expressed as:
where
where and are as shown in Fig. 4 ⌊ However, the presence of the yield line affects the curvature inside the element as well as the material stress-strain relation. In this case, local matrix [ ̅ ] degenerates to:
where is the poisons ratio after the establishment of the internal yield zone.
Considering the simple case of , the transformation of matrix [ ̅ ] from the yield line local axes (x', y') to the global (x, y) axes is as following: 
Hence the stiffness of edge (1) of element (e) with the presence of a yield line, , is:
where 
The stiffness ratio of element (e) to that of element (b) can be expressed as:
With that, a relationship between rigid and bending angles can be established using Eq. (15) .The value of is (1.0) for elastic isotropic material of the same thickness. However, the presence of a yield line will change this value depending on its inclination relative to the element edge. The closed form expression for , Eq. (24), is quite elaborate. However, it can be simplified as described below.
The boundary conditions and side loads imposed on the element cause bending in one direction around element side 2-3. As the required stiffness is coincident with this direction, a new element local coordinate system (s, t) can be defined, Fig. 6 , such that local axis (s) is parallel to side (2) (3) . If the yield line is inclined at an angle ( relative to the considered element side rather than the global axes as shown in Fig. (6) , then, the quantities c 1 and s 1 can be expressed in the element local coordinate system as following: (27) Substituting these values into Eq. (25) results in the following expression for when is assumed to be zero:
For the general case of , the following expression is obtained: ( ) ( ) (29) When this result is compared with the normal case with no yield lines of
becomes clear that the effect of the yield line inclined at an angle ( with the element side on the stiffness across that side is a reduction of magnitude .
As a result, ( ) is changed to by multiplying with . Similar expressions are obtained for ( and ( ) for the other two sides of the element. These changes will affect matrix [ ] used to relate the bending to rigid angles, Eq. (6) . In the present analysis the value of was taken as zero.
The resulting effect of the yield lines on the finite element is similar in nature to the smeared representation of discontinuity in a plane stress finite element.
Yield Condition of isotropic slab
A slab with the same moment resistance in two orthogonal directions is an isotropic slab. The yield condition of such a slab is called the "square yield condition" by Johansen [3] . According to this condition, the slab moment resistance is the same at any direction; hence it is an isotropic quantity. The yield condition is satisfied when the principal moment(s) attain the moment resistance. The direction of the yield line coincides with the principal moment direction.
Material constitutive relationship
In this research, material is assumed to be elastic perfectly-plastic, leading to an elastic perfectlyplastic moment curvature relation. This material model allows elastic deformations to be calculated. It also allows efficient solution of the non-linear equilibrium equation as described in section 2.4.
Load factor required to satisfy the yield condition
At the start of a new load increment (i) the total moments of an element resulting from previous loads can be represented by . When the load is applied at increment (i) and structure is analysed, the resulting increment moments of the element are . The total moment is the summation of the previous total moments and the incremental moments multiplied by the load factor such that . The load factor is obtained from equating the total moment to the moment capacity.
Load factor required to create a second yield line in an element with a single yield line
If an element has a single yield line, then there is a possibility that a second one can develop. The two yield lines are orthogonal to each other as they follow the principal directions. The load factor required to cause the second yield line is obtained by comparing the total moment and moment capacity at a direction normal to the first yield line.
Method limitations
Currently, the method can only consider flexural yielding. No shear or axial effects are considered. It is also limited to small displacement analysis with no geometric non-linearity considered.
Implementation in finite element analysis
The nature of yield line analysis, being based on rigid perfectly-plastic behaviour, can be used to simplify the non-linear analysis to a large extent. In this analysis the material is assumed to be elastic perfectly-plastic. As a result, once a yield line is formed, the moment across it remains constant. There are no residual or unbalanced forces generated due to curvature increase. This assumption is valid for under-reinforced slabs [37] . Hence it is applicable to most designs.
In the current research, the analysis starts by assembling the stiffness matrix of the structure, applying the boundary conditions and loads. The system is solved and element principal moments are checked against their yield moments. The loads and results are scaled so that the element(s) that are closest to their yield moment attain that value. Yield lines are created at these elements in the direction of principal moment. Element stiffness in the direction perpendicular to the yield line direction(s) is reduced to a small value rather than zero to avert possible numerical instability. By then, the first load increment is complete. The same steps are repeated for the next load increment.
The residual forces after each load increment are zero. This feature negates the need for iterations to satisfy equilibrium, as the system will be in equilibrium after each load increment. As a result, the solution time required to solve the structure is substantially reduced.
The convergence criteria currently used is related to the deflection of a selected point. Two ratios are compared. The first is the maximum displacement ratio defined as the maximum ratio, of incremental deflection at the node to the total deflection at that node. The second ratio is the load ratio which is the incremental load ratio. The solution stops when the displacement ratio is (α) times more than the load ratio. In addition, the results can be shown at any stage of loading. The user has full control over the computer program and can stop the analysis at any desired stage. The procedure detailed above was implemented in a computer program code that can run on ordinary office computers. Graphical user interface was developed to simplify presenting the analysis results. Unreformed geometry, deflected shape, and principal bending moment magnitudes and directions, as well as the location and direction of yield lines can be presented at any time during any analysis stage. To help identifying critical load, a load-deflection curve of any selected point is also shown. The program is interactive with the user and has the interface shown in Fig. 7. 
Examples
To demonstrate the accuracy and performance of the proposed method, seven examples were solved. Four are presented in detail, while the other three are presented in a compact table format due to space limits. All results were compared with yield line analysis results and these obtained from ANSYS-10 non-linear finite element analysis. The computer program was run on machine with a 2.8 GHz Intel Pentium D915 processor. All execution times stated in the following paragraphs were measured on this machine.
Example-1: simply supported square plate with one free side subjected to uniform load
The geometry, dimensions and boundary conditions of the slab are shown in Fig. 8 (a) . This slab was previously solved by Wüst and Wagner [22] using their method for systematically finding all possible yield patterns. For a 1.0 kNm/m plastic moment capacity, an ultimate load of 14.14 kN/m 2 was reported. This result was also verified using a non-linear finite element analysis, Fig. 8 (b) [22] . 2 was applied in the current analysis; hence a load factor (LF) of 14.14 corresponds to the above result. This is the value used in the following comparisons. The plate was initially modelled using the 10x10 grid mesh shown in Fig. 9 . The resulting load factor, progress of yield lines and deflections are also shown in the same Figure. The load factor obtained from the present analysis of 14.08 is close to the previously reported value of 14.14 with a difference of less than 0.5% between the two.
A sensitivity study was conducted to find the effect of mesh density on the results. The following mesh grids were studied: 6x6, 20x20 and 50x50 as shown in Fig. 10 . Load factors and yield pattern are shown in Fig. 10 for the three meshes.
at LF = 11.60 at LF = 13.08 at LF = 13.34 at LF = 14.08 (-0.42%) difference, 10x10 mesh solution time = 0.7 s (a) Yield pattern at indicated load factors (b) Deflected shapes at indicated load factors Fig. 9 . Results of simply supported square plate with one free side, subjected to uniform load All load factors were in close agreement with both the results obtained from the 10x10 mesh grid and the value reported in Ref. [22] . Maximum difference was +0.57% resulting from the coarse mesh. It is observed from these results that reasonable accuracy was obtained from the three meshes and that accuracy is not very sensitive to mesh refinement. The execution times for the 6x6, 10x10, 20x20 and 50x50 examples were 0.2, 0.7, 7.7 and 177.9 seconds respectively. The yield pattern at failure had the expected arrangement. More refined yield pattern was obtained from the finer meshes. However, the yield pattern resulting from the different meshes have similar overall arrangements. The non-linear analysis could define a collapse load corresponding to a load factor of 6.9. The analysis time was 113 seconds. This result is 13.75% less the yield line results of Ref. [38] and to the current results. Possible reasons for the difference are the distinct yield criteria and element types. The deflected shape and deflected contours are shown in Fig. 13 .
Fig. 13. Deflected shape and contours of Example-2-ANSYS analysis
Behaviour similar to that observed in the previous example was repeated here. Reasonably accurate results were obtained from different meshes, irrespective of mesh fineness.
Example-3: fixed square plate subjected to uniform load
A fixed square plate subjected to a uniform load was studied in this example. This slab was previously studies by many researchers as reported in Table 1 . As stated in section 1, Burgoyne and Smith [24] predicted a load factor of . . In the current analysis, the reference load factor used for the following comparisons is the 42.85 shown in Table 1 [24] .
A 10x10 finite element mesh was used to analyse the slab. The progress of yielding and distribution of principal bending moments are shown in Fig. 14 . Table 1 . Load factor for fixed square plate subjected to uniform load using various analysis methods (reproduced from [24] )
The load factor of 42.57 was obtained from a 10x10 mesh grid with -0.65% difference from the reference value. The analysis time was 2.4 s.
As shown in Fig. 14 , yielding started at the mid-length of the fixed four sides. The yield lines resulting from negative moments were nearly parallel to the sides. Yielding due to negative moment continued on the fixed sides of the slab until it covered the whole perimeter of the. The yield line directions changed near the four corners to create a more curved yielded layout. Yield resulting from a positive moment started at the diagonals and extended rapidly towards the plate centre and the four corners. They intersected at the slab centre where elements with two yield directions were created.
at LF = 23.47 at LF = 39.11 at LF = 42.57
Yield pattern (red: +ve, blue: -ve)
Fig. 14. Yield pattern of fixed square plate with subjected to uniform load, 10x10 mesh A sensitivity study was conducted to determine the effect of mesh density on the results. The following mesh grids were studied: 4x4, 20x20 and 30x30. Results from these meshes are presented in Table 2 and Fig. 15 . The load factors obtained from all the studied meshes were consistently close to the reference solution with only a small change resulting from mesh refinement. This is even true for the unusually coarse 4x4 mesh. More accurate results were obtained with finer meshes at the cost of more solution time. However, even for the densest 30x30 mesh, the solution time was 44.5 s. In an engineering design office environment this time is not excessive for this type of analysis. 
Mesh
Example-4: simply supported rectangular flat slab subjected to uniform load
A large reinforced concrete flat slab with 3x3 bays and a grid of 8.0m in both directions shown in Fig.  16 was analysed to show the capability of the proposed method in analysing practical size slabs. This size of slabs is not unusual in normal design office work. It is usual to analyse such regular slabs using Code methods or using elastic finite element analysis. In this example, a load of 1 kN/m 2 was applied. The plastic moment capacity was 200 kNm/m for both sagging and hogging moments. The analysis was conducted using the following three meshes: 14x14, 28x28 and 42x42. All supports were assumed to be pinned. No use of symmetry was made in order to verify the symmetry of results and to demonstrate the capability of the new method in cases of unsymmetrical slabs. It was assumed that there was sufficient shear resistance to guarantee a flexural failure. It was also assumed that the ultimate strain limits of neither steel nor concrete were exceeded.
The progress of yielding with increased load is shown in the 28x28 mesh model shown in Fig. 17 . At around 41% of the failure load, extensive yielding over the internal columns was observed (Fig. 17) . This is expected behaviour of flat slabs, where concrete cracking and possible yielding of reinforcement appear at service load levels. The total solution time was 52.5 seconds. To verify the results, the same example was analysed with ANSYS using the same element type and material model as used in the previous examples. The model was made from a 28x28 mesh for ¼ of the slab. The non-linear analysis could define a collapse load corresponding to a load factor of 33.5. The analysis time was 46 second. This result was 11.38%-16.04% less than the current results of 37. 8-39.9. Possible reasons for the difference are the distinct yield criteria and element types.
A sensitivity analysis was made to study the effect of mesh refinement on results. Three meshes were studied. These were 14x14, 28x28, and 42x42 meshes. The results are shown in Fig. 18 . The load factor obtained from the three meshes was 39.9, 37.8 and 37.8 signifying a failure load of 39.9 kN/m2, 37.8 kN/m2 and 37.8 kN/m2 for the 14x14, 28x28 and 42x42 meshes respectively. These results differed by 5.5% between the least and most dense meshes. The solution time for the three meshes was 3.6 second, 52.5 second and 262.9 seconds. The yield pattern resulting from the three meshes showed the expected behaviour with most of the yielding concentrated around the columns and the external spans. The deflected shape of the slab is shown in Fig. 18 (b) . The early yielding around the internal columns was in the form of an inverted cone. At failure, the remaining central part of the slab moved down as a rigid body. 
Examples-5 to 7
Due to space limitations, the following examples are presented below in a table format. As shown in Table 3 , all the results obtained from the current method are reasonably accurate when compared to both yield analysis results and those obtained from the finite element non-linear analysis using ANSYS.
Example
No. 
Description
Conclusions
This paper presents the development, implementation and selective benchmark of a new method to be a practical alternative to current practice yield line analysis, strip method, and non-linear finite element solutions free from the limitations and difficulties encountered when using these methods.
The use of RF plate triangular elements in the non-linear elastic perfectly-plastic analysis of plates is computationally efficient due to their single degree of freedom per node. The ability to define a plastic "yield line" to pass through an element resolves the limitation that "yield lines" can only pass through element boundaries. This feature eliminates the need to revise the finite element mesh using computationally expensive optimization techniques or mesh refinements to satisfy the condition that "yield lines" must pass through element boundaries. By following the spirit of the yield line analysis, the effects of a plastic "yield line" is projected to the element sides and used to calculate the bending curvatures. That was made possible by the way curvature is calculated in element "S3".
By applying the load in increments that cause the generation of new plastic zones, the solution is incremental. Iterations are not required, as the structure is in equilibrium at the start and end of each load increment. No residual or unbalanced forces are generated. This results in a numerically stable and efficient solution.
The new method can predict yield line analysis results accurately and efficiently with the added advantage that it is finite element based. Additionally, the results are not limited to a load factor and a failure pattern, but include deflections, reactions and moments at all nodes and elements. These results are available not only at the failure load but along the full loading history. The accuracy of the method, its efficiency and ability to solve practical sized reinforced concrete slabs are demonstrated in the solved examples. The method is currently applied to isotropic slabs with the aim of extending it to non-isotropic slabs in the future.
